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GALOIS GROUPS OF MAXIMAL p-EXTENSIONS

ROGER WARE

ABSTRACT. Let p be an odd prime and F a field of characteristic different
from p containing a primitive pth root of unity. Assume that the Galois group
G of the maximal p-extension of F has a finite normal series with abelian
factor groups. Then the commutator subgroup of G is abelian. Moreover, G
has a normal abelian subgroup with pro-cyclic factor group. If, in addition, F
contains a primitive pZth root of unity then G has generators {x, Vitier with
relations y;y; = y;y; and xy;x~! = yf’“ where ¢ =0 or g = p" for some
n > 1. This is used to calculate the cohomology ring of G, when G has finite
rank. The field F is characterized in terms of the behavior of cyclic algebras
(of degree p) over finite p-extensions.

In what follows p will be a fixed odd prime and F will be a field of
characteristic different from p containing a primitive pth root of unity w.
Let F(p) denote the maximal Galois extension of F whose Galois group
Gr(p) = Gal(F(p)/F) is a pro-p-group. An extension K/F is called a p-
extension if K C F(p). Note that if K/F is a p-extension with [K : F]=p
then K/F is Galois and K = F({/d), for some d € F .

The cyclic algebra (or “symbol algebra”) generated over F by elements u, v,
subject to relations ¥ =a, v» = b, and uv = wvu, will be denoted (a, b)r
or simply (a, b) when no confusion is possible. Recall that (a, b) = 0 in the
Brauer group, Br(F), if and only if b is a norm from F({/a); in particular,
since p is odd, (@', a’) =0 in B,(F), forall a€ F = F\{0} and all i, j.

If G is a pro-p-group we set H!(G) = H'(G, Z/pZ) . From Merkurjev and
Suslin’s work [MS], an element of order p in the Brauer group is a product of
cyclic algebras so is, in particular, split by F(p). Hence, from Galois cohomol-
ogy we have a commutative diagram

F/F? x F|F? Lo e, Br(F)

x| E

H'(Gr(p)) x H'(Gr(p)) —— H*(Gr(p))
where Br, F' denotes the subgroup of the Brauer group consisting of elements of
order p. Moreover, if K = F(¥/d), G= Gr(p), H = Gk(p), and G = G/H
then the cohomology sequence 0 — H'(G) — H'(G) = H'(H) corresponds to
Received by the editors February 6, 1990 and, in revised form, July 9, 1990.

1980 Mathematics Subject Classification (1985 Revision). Primary 12F10, 20E18.
This work was supported in part by NSA research grant no. MDA 904-88-H-2018.

©1992 American Mathematical Society
0002-9947/92 $1.00 + $.25 per page




722 ROGER WARE

the sequence 1 — (a), — F/F? — K/K? induced by F C K, where (a), is
the cyclic subgroup of F/FP generated by aFP? .

All groups considered here are profinite, homomorphisms are continuous,
subgroups are closed, and generating set means topological generating set.

It should be mentioned that when p = 2 results analogous to those in this
paper can be deduced from [JW, Theorems 2.1, 2.3, and Lemma 4.1] and [W,
Theorems 4.1, 4.5, and Corollary 4.6]. For other related results the reader is
referred to Geyer’s paper [G], when G is a “solvable” subgroup of the absolute
Galois group of the field of rational numbers, and to Becker’s paper [B], in the
case that G is the absolute Galois group of a formally real field.

Definition. An element a in F\F? is p-rigid if (a, b) =0 in Br(F) implies
b € a'FP for some i > 0. The field F is called p-rigid if every element in
F\F? is p-rigid and F is hereditarily p-rigid if every p-extension is p-rigid.
Note that F is hereditarily p-rigid iff every finite p-extension is p-rigid.

Example. If F is a local field with residue field of characteristic not equal to
p then F is hereditarily p-rigid. Further examples are given in the Corollary
and Example following the proof of Theorem 3.

Theorem 1. For the field F the following statements are equivalent:

(a) F is hereditarily p-rigid.

(b) There is an exact sequence 1 — Z,‘, — Gp(p) = Z, — 1, for some index
set I, where Z, denotes the infinite procyclic p-group.

(c) The commutator subgroup of Gr(p) is abelian.

The proof of Theorem 1 requires several lemmas:

Lemma 1. Let u(p) be the group of all p-power roots of unity inside F(p). If
u(p) ¢ F then Gal(F(u(p))/F)=Z,.

Proof. We fix, inside F(p), a system of primitive roots of unity w; = o,
w;, w3, ... chosen so that @’ = w;,_; for all i. Then F(u(p)) =
F(wili =1,2,...). Choose i > 1 so that w; € F and w;y, ¢ F. De-
fine x on F(u(p)) by x(witm) = wf;*,'n' . Then restricted to F(wj;+m), x has

order p™ and hence Gal(F(u(p))/F) is generated by x .

For any field K and a € K we set [a] = aK” . Recall that (a), denotes the
cyclic subgroup of K/K? generated by [a].

Lemma 2. Let K/F be a cyclic extension of degree p with generator o . For
BeEK, K((/E) is Galois over F if and only if [6 8] =[B].

Proof. First assume K ({/B)/F is a Galois extension. Then {/df8 € K({/B)
so [0B] € (B), (by Kummer theory). If [0f8] = [B]' with 1 < i < p then
in K/KP, [N(B)] = [B]"**+*++""" where N: K — F is the norm. Since
P'4P24...4i24i+1=1 (modp), [N(B)] = [B] and, because N(B) € F,
this implies [af] = [B].

Conversely, if [0f8] = [B] then K({/B) = K({/af) and K({/B)/F is a

Galois extension.

Lemma 3. Let K = F({/d), d ¢ F?, and let G = Gal(K/F). If G acts
trivially on K/KP then K/K? = ({/d), x &(F|FP), where ¢ is the map induced
by FCK.
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Proof. By Hochschild-Serre [S, I-15] there is an exact sequence
0 — H'(G) — H'(Gr(p)) == H'(Gk(p))® — HX(G)

and since H 2(G)=27/pZ, either res is surjective or its image has index p in
H'(Gk(p))° . Since (K/K?)® = K/KP, this means the image of ¢ has index p
or 1 in K/K?. If [¢/d] € Ime then ¢/d = uy? with ue F, y€ K. Then d =

N(¢/d) = (uN(p))? € F?, a contradiction. Hence K/K? = (¥/d), x e(F/FP?).

Recall that for an odd prime p there exist (up to isomorphism) only two
nonabelian groups of order p3, namely:

Type E;: Generators x, y, ¢t and relations x? = y? =* =1, xyx~ly~! =1¢,
xt=1tx, yt=1y.

Type E,: Generators x, y and relations x? = y”2 =1, xyx~! =yrtl,

Lemma 4. (1) F is p-rigid if and only if no group of type E, occurs as a Galois
group over F .

(2) If F is p-rigid and contains a primitive p’th root of unity then no group
of type E, occurs as a Galois group over F ; hence, in this case, every Galois
extension of degree p? is abelian.

Proof. This is an immediate consequence of [MN, Theorem 14].

Lemma 5. Let P be a p-subgroup of the symmetric group S, . If every subgroup
of order p3 in P is abelian then P is abelian.

Proof. We may assume |P| = p" > p3. The proof proceeds by induction on n
so we assume that every subgroup of P of order p"~! is abelian.

We first show that every element in P has order < p. If not, then P
contains an element y of order p?. This element must be a p?-cycle and
hence its centralizer in P is the cyclic subgroup, (y), generated by y. Since
|P| > p3, the center of P, Z(P), is properly contained in (y) and because P
is a p-group it follows that Z(P) = (yP).

Now let H be a normal subgroup of P of order p"~% > p. Then, because
H is normal in the p-group P, the usual argument shows that |Z(P)NH| > 1
and since |Z(P)| = p we conclude that Z(P) < H. Moreover, H is abelian
by the induction assumption.

Case 1. y € H. Then (y) = H (because H is abelian and the centralizer of y
is (y)). Choose z € P\H . Then zy # yz so H(z) is nonabelian. If |z| =p

then H||2]
z -2 n—1
= ——= pn -p = p ,
|H n(z)|
a contradiction. If |z| = p? then by the argument in the second paragraph
of this proof (applied there to y of order p?) we have Z(P) = (z?), hence
z? € H. Then |H(z)| = (p"~%-p?)/p = p"~", likewise a contradiction.

|H(z)|

Case2. y ¢ H. Since |H| > p there exists & in H with hy # yh. However,
H N (y) = (y?) in this case, yielding |H(y)| = p"~!, once again contradicting
the induction assumption. This completes the proof that every element in P
has order <p.
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Now suppose that P is nonabelian. We assert that in this case Z(P) is the
unique normal subgroup of P of order p”"~2. To see this, let H be a normal
subgroup of P with |H| = p"~2. If there exists z in Z(P)\H then (since z
has order p) |H(z)|=p"~! so there exists x in P\H(z). Since H is normal
in P, H(x) is a subgroup of order p"~!, hence abelian. If z € H(x) then
z=hx', 1 <i<p, which forces x € H(z). Hence z ¢ H(x) so H(x)(z) is
an abelian group of order p", contrary to the assumption that P is nonabelian.
Hence Z(P) < H. On the other hand, if there exists 2 in H\Z(P) then there
exists x in P\H such that xh # hx (since H is abelian). But then H(x) is
a nonabelian group of order p"~!. Hence H = Z(P), as asserted.

Still assuming P is nonabelian, let x, y € P map onto the basis of P/Z(P) &
Z/pZ x Z/pZ. Then P = Z(P)(x)(y) and xy # yx. However, xy = zyx for
some z € Z(P) which forces |(x, y)| < p* (as |x| = |y| = |z] = p). But then
(x, y) is abelian by hypothesis.

Lemma 6. Suppose F is hereditarily p-rigid. Let L be a p-extension of F
containing a primitive p*th root of unity.

(1) Every p-extension of L of degree p? is a Galois extension.

(2 If K=L(¥d), d ¢ L, then K/K? = ({/d), x e(L/L?).

(3) If K is a finite p-extension of L then there exist a,, ..., a, in L such

that
KCL(*Vai,..., "Va).

Proof. (1) Let M/L be a p-extension of degree p?,let G = G.(p), and H =
Gu(p). Then (G : H) = p? so there exists a homomorphism f: G — Sy with
Ker f C H and whose image P is a p-subgroup of S,.. Then there exists a
Galois p-extension E/L containing M such that Gal(E/L) = P. By Lemma
4(2), every subgroup of P of order p3 (if any) is abelian and by Lemma 5,
P is abelian. In particular, H/Ker f is a normal subgroup of P = G/Ker f,
whence H < G.

By (1) and Lemma 2, Gal(K/L) acts trivially on K/K? so (2) follows from
Lemma 3.

To prove (3), we induct on [K : L]. Thus we can write K = M({/d), with
deMCL("Va,..., "Va), a;eL, m>0.
By (2) we may assume d = u*"/a; with u € L(*"V/ay, ..., *™/a;) and by
the induction assumption

L("Yar, ..., ™ Va)u) c L("Vby, ..., /b)), bieL.

Hence K C L(*"Vay, ..., "/a, "V/bi, ..., "\/b).

Lemma 7. Assume |F/FP| = p?>. Then either Gr(p) is a free pro-p-group (of
rank 2) or Gg(p) has generators x , y and relation xyx~' = y9*! where g =0
orq=p", m>1.

Proof. Choose generators [a], [b] for F/F?. If (a,b) =0 then (u,v) =0
forall u, v in F and by the Merkurjev-Suslin theorem [MS], H*(Gr(p)) =0.
Hence Gr(p) is a free pro-p-group in this case [S, I-37].

If (a, b) # 0 then the pairing H'(G) x H'(G) — H*(G), G = Gr(p), is
necessarily nondegenerate so, again using Merkurjev-Suslin, G is a Demushkin
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group of rank 2 and by Demushkin’s theorem [D], G has the generators and
relation described above.

Remark. Using Merkurjev and Suslin’s result it is easy to show that the follow-
ing statements are equivalent (giving a p-analogue of [S, Proposition 5, II-7],
when F contains a primitive pth root of unity):

(a) Gr(p) is a free pro-p-group.

(b) The p-primary part, Br(F)(p), of the Brauer group of F is trivial.

(c) Br(K)(p) =0 for every p-extension K of F.

(d) For every p-extension K of F and every p-extension L of K, Np/x: L
— K 1is surjective.

(e) For every cyclic extension K/F of degree p, Ng/r: K — F is surjective.

Proof of Theorem 1. (a) = (b). Let L = F(u(p)) where, as before, u(p)
is the group of all p-power roots of unity. By Lemma 6, F(p) = L(p) =
L(*V/a;li € I, n; > 0), where {[a;]}ic; is an F,-basis for L/L?. Since all
p-power roots of unity lie in L, Gal(F(p)/L) = Z! (direct product) and by
Lemma 1, Gal(L/F) = Z, or {1}.

(b) = (c). Given an exact sequence as in (b) the commutator subgroup of
Gr(p) must be contained in Z7.

(c) = (a). Suppose K is a p-extension of F and a, b are elements of K
with (a, b) =0. If [b] ¢ (a), then [a], [b] are independent over F,. Let M
be a maximal p-extension of K such that [a], [b] remain linearly independent
in M/MP. We assert that M/M? = (a), x (b),. Indeed, if c € M\M? then
L = M({/c) is a larger extension so there exists i, j (not both Omodp) such
that a'b/ € L? . Kummer theory implies that [a]/[b)/ = [c]* in M/MP with
0 < k < p and hence [c] € (a) x (b). Thus the group Gpy(p) has rank 2.
Since (a, b) = 0 the proof of Lemma 7 shows that Gu(p) is a free pro-p-
group. Let C be the commutator subgroup of Gy (p). Since the factor group
Gu(p)/C is a free abelian pro-p-group of rank 2, C is a free pro-p-group of
infinite rank [S, Proposition 22, Corollary 3, 1-33, I-37]. Since C is contained
in the commutator subgroup of Gr(p) this contradicts (c).

A profinite group G is said to be metabelian if there is an exact sequence
1 - A4A— G— B — 1 of profinite groups with 4 and B abelian. It is clear
that G is metabelian iff its commutator subgroup is abelian.

Corollary 1. For the group G = Gr(p) the following statements are equivalent:
(a) G is not metabelian.
(b) G contains a free pro-p-subgroup of rank?2.
(¢) G contains a free pro-p-subgroup of infinite rank.

Proof. (a) = (b). Let L = F(u(p)). If Gr(p) is abelian then G is metabelian
so we can choose x, y in Gr(p) with xy # yx. If the pro-p-subgroup gener-
ated by x and y is not free then by Lemma 7 it is metabelian and hence by
Theorem 1 ((c) = (a) and the proof of (a) = (b)) it is abelian.

(b) = (c). As noted in the proof of Theorem 1 (c) = (a), the commutator
subgroup of a free pro-p-group of rank 2 is a free pro-p-group of infinite rank.

(b) = (a). Choose H free of rank 2, H < G. Then the commutator
subgroup of H is contained in the commutator subgroup of G so the latter
cannot be abelian.
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Corollary 2. Assume G = Gp(p) has finite rankr.

(1) If rank H < r for all subgroups H then Gr(p) is metabelian.

(2) If G is metabelian and F contains a primitive p’th root of unity then
rank H < r for all subgroups H .

Proof. (1) follows from Corollary 1.

(2) We first show that the rank of H equals r, whenever (G : H) is finite.
By induction it suffices to assume that (G : H) = p. Then the result follows
from Theorem 1, (c) = (a), and Lemma 6(2).

For the general case, suppose rank 4 > r. Then there exist r + 1 TFp-
linearly independent elements [a,], ..., [@,+;] in L/L?, where L is the fixed
field of H. If K = F(a,, ..., a,;;) then Gg(p) has finite index in G and
rank Ggx(p) >r+1.

Corollary 3. If Gr(p) is metabelian and rank Gr(p) =r then

r(r=1)
5

Proof. By the Merkurjev-Suslin theorem it suffices to show that if [a;], ..., [a/]
are linearly independent in F/F? then {(a;, aj)}i<; is a linearly independent
subset of Br(F). If not, among all hereditarily p-rigid fields where this fails
choose one, F, with ¢ minimal. Then there is a relation ), M j(ai,aj)=0
with n;; € F,, not all zero. Let K = F(¢/a;). Then [ai], ..., [a;-1] remain
linearly independent in K/K? so by the minimality of ¢, the set {(a;, a;)},
1 < i< j<t,is linearly independent in Br(K). This forces n;; = 0 for
1 <i<j<t and we are left with >,  ni(a;i,a) = 0 in Br(F); i

dimg, Br,(F) =

(af---a"', a) =0. Since F is p-rigid this implies [a]"---a;"7"'] € (a,)
contrary to the linear mdependence of [a1], ..., [a].

Remark. In Theorem 4, this corollary will be generalized under the additional
assumption that F contains a primitive p%th root of unity.

Theorem 2. Assume Gr(p) is a metabelian pro-p-group. If F contains a prim-
itive p*th root of unity then Gg(p) has generators {yi, x}ie; with relations
yiyj=y;yi and xyix~' = yf’“ where q =0, if f contains all p-power roots of
unity, or q = p", where n is the largest integer such that F contains a primitive
p"th root of unity.

Proof. If F contains all p™th roots of unity, m > 0, this follows as in
the proof of Theorem 1, (a) = (b). Otherwise, by Lemma 6(3), F(p) =
F(wnyj, "Vailj=1,2,...,i eI, m >0) where {[w,], [ai]}ics is an Fp-
basis for F/F? and the w are chosen so that w; = w and @} = w;_, (as
in the proof of Lemma 1). Thus we can define a set of generators {y;, X;}es
for Gr(p) as follows:

X(one) =05, q=p", J21 x(Va) = Va,
vi(?Va) = omVai, yi(*Vax)= Va ifk#i,

Vi(Wm) = w,, forallm>1.

It is readily verified that the set {y;, x},c; satisfies the given relations.
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Remark. One should be able to remove the assumption on the existence of a
p?th root of unity. However the use of Lemma 6(3) seems to be crucial for the
above proof.

A profinite group G is solvable if there exists a chain of (closed) subgroups
{1}=HyCH C---CH,=G with H; < H;;; and H;.,/H; abelian.

Theorem 3. The following statements are equivalent:
(a) Gr(p) is solvable.
(b) Gr(p) is metabelian.
(¢) Gr(p) does not contain a free, nonabelian subgroup.

Proof. The equivalence of (b) and (c) is contained in Corollary 1 to Theorem
1. Tt remains to prove (a) = (b). Assume G = Gr(p) is solvable. By induc-
tion we may assume G has subgroups H;, H, such that H, < H,, H, G
and H, H,/H,, G/H, are abelian. By Theorem 1, the fixed field F, of H, is
hereditarily p-rigid. Let L = F(u(p)) and let L, = F,L. Then L, is heredi-
tarily p-rigid so (because u(p) C L,) Gy,(p) is abelian. Moreover, there exists
an injective homomorphism G.(p)/G,(p) — Gr(p)/Gr,(p) = G/H,. Hence
GL(p) is metabelian and L is hereditarily p-rigid. Since u(p) C L, Gr(p) is
abelian, whence Gr(p) is metabelian.

Let I' = Z(D (direct sum) to be totally ordered group obtained by totally or-
dering the set I and then using the usual lexicographic ordering. Let F () =
{f:T — F|supp(f) is well ordered} be the (henselian) generalized formal
power series field. If |I| = n then F((I')) can be identified with the field
of iterated power series F((x;))---((x,)).

Corollary. F satisfies the conditions of Theorem 1 if and only if F((T')) does.
Proof. Let K = F((I')). From valuation theory there is an exact sequence
1 - Z] - Gk(p) — Gr(p) — 1

where Z{, is identified with Gk, (p), where K, is the maximal nonrami-
fied extension of K inside K(p). Hence Gg(p) metabelian implies Gr(p)
metabelian. On the other hand, if Gr(p) is metabelian then Gg(p) is solvable
and Theorem 3 applies.

Example. Given any pro-p-group G with generators and relations as described
in Theorem 2, there is a field F with Gr(p) 2 G:

Let r be a prime with r = 1 (modp), let K = F,(w,) where w, is a
primitive p”th root of unity (resp., K = F,(p)) and let F = K((I)), ' =z .
Theorem 4. Assume G = Gr(p) is solvable and F contains a primitive p*th
root of unity. If rank G = n then for k > 0, dimg, H*(G) = (}) (where () =0
if k>n).

Proof. We proceed by induction on n. By Theorem 2 there is an abelian
subgroup N of rank n — 1 such that G/N = Z,. The Lyndon-Hochschild-
Serre spectral sequence satisfies

E}° = H'(G/N, H*(N)) = H™(G).
Since G/N = Z,, E}* =0 for r # 0, 1. Hence as in [R], third quadrant
version of Lemma 11.36, p. 349, there is an exact sequence

0— Ey*' 5 HYG) - E3F - 0.




728 ROGER WARE

We assert that G/N acts trivially on H!(N) (and hence on H™(N) for
any m > 1). The action of G/N on H'(N) = Hom(N, Z/pZ) is given by
(@ f)(1) = f(67'10), for 6 € G, 1 € N. By Theorem 2, g-!7g = 19*!,
where either ¢ = 0 or ¢ = p' for some t. Thus f(o~lto) = f(19*!) =
(g + 1)f(t) = f(), proving the assertion.

Hence, EY'¥ = HY(G/N, H*(N)) = H*(N) and

E}*=! — Hom(G/N, H*"!(N)) = Hom(Z, , H*~'(N)) = H*"'(N).
Therefore the above sequence becomes
0 — H*"'Y(N) - H*(G) - H*(N) - 0.

By the induction assumption (and the previous example), dimg, H"(N) =

("~!). Hence
dimg, H*(G) = <Z _ :) + (n; 1) B (Z)

Corollary. With the assumptions in Theorem 4, the cohomology ring H*(G) =
Ukzo HX(G) is isomorphic to the exterior algebra over F, with generators x; ,
cees Xn

Remark. If p = 2 the foregoing argument, together with [JW, Theorem 2.3, and
Lemma 4.1], shows that H*(G) is isomorphic to the (commutative) polynomial

ring Fy[x;, ..., x,] modulo the ideal generated by xlz, cee x,%.
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